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The Classical Nature of Thermal
Conduction in Nanofluids
We show that a large set of nanofluid thermal conductivity data falls within the upper and
lower Maxwell bounds for homogeneous systems. This indicates that the thermal conduc-
tivity of nanofluids is largely dependent on whether the nanoparticles stay dispersed in
the base fluid, form large aggregates, or assume a percolating fractal configuration. The
experimental data, which are strikingly analogous to those in most solid composites and
liquid mixtures, provide strong evidence for the classical nature of thermal conduction in
nanofluids. �DOI: 10.1115/1.4001304�
Introduction
A nanofluid is a colloid with complex thermo-chemical proper-

ies. Typical colloids, even in dilute concentrations, form aggre-
ates that are dependent on the solution chemistry, surface
harges, and thermal �Brownian� motion of the nanoparticles
1–3�. External fields such as gravity and temperature can support
r disrupt the formation of aggregates. Thus in most experimen-
ally tested nanofluids, there is a competition between the growth
f fractal-like structures, coalescence into large clumps, sedimen-
ation, and fragmentation �4�. The transport properties such as
iscosity and thermal conductivity, in general, are sensitive to the
eometrical configuration and the connectivity of the aggregated
tructures.

The study of thermal transport in colloidal dispersions is rela-
ively recent. The thermophysical and thermal transport properties
f magnetic colloids (ferrofluids) with nanoparticles as small as 4
m were reported in the 1980s �5–7�. In the last decade, there has
een a renewed interest with nonmagnetic metallic and oxide col-
oids. The early experiments on dilute nanofluids have shown a
ascinating increase in the thermal conductivity �8–12� as well as
ther interesting effects of nanoparticle size and temperature
13,14�. The initial promise of nanofluids as an advanced, nano-
ngineered coolant, however, has been tempered in recent years
y a lack of consensus on the thermal conduction mechanism.
hile several experiments with well-dispersed nanoparticles have

hown modest conductivity enhancements consistent with the
lassical Maxwell theory for noninteracting spheres �15–24�, more
nstances of larger enhancements have also been reported in recent
ears �25–45�. In a recent International Benchmark Exercise �46�,
ifferent experimental techniques �such as transient hotwire and
orced Rayleigh scattering� are shown to be comparable in accu-
acy and precision. Several outliers in the experimental data, how-
ver, highlight the difficulties of accurate thermal measurements
n complex colloidal systems. Against this backdrop, it is essential
o have a fundamental understanding of the heat conduction

echanism in nanofluids.
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The effective medium or mean-field theory of Maxwell �47,48�
is most often used to analyze the thermal conductivity results of
nanofluid experiments. For a nanofluid with noninteracting
spherical nanoparticles, the theory predicts

�

� f
=

1 + 2��

1 − ��
�1�

where � is the nanoparticle volume fraction, �= ��p−� f� / ��p

+2� f�, and ��p−� f� is the difference between the thermal conduc-
tivities of the nanoparticle and the base fluid. If a finite tempera-
ture discontinuity exists at the nanoparticle-fluid interface, the
Maxwell theory would still apply, provided that one makes the
substitution � f →� f +��p �on the right-hand side�, where �
=2Rb� f /d, wherein Rb is the interfacial thermal resistance and d is
the nanoparticle diameter �49,50�.

The thermal conductivity enhancements beyond those predicted
by Eq. �1� are often reported to be anomalous or unusual. In
addition to larger thermal conductivities, experiments have also
revealed other disagreements with the Maxwell theory. The ther-
mal conductivity is observed to have an inverse dependence on
the nanoparticle size �25,32,51,52� and a quasi-linear dependence
on the temperature �14,36,53,54�. Interestingly, there appears to
be a fundamental difference between the thermal conduction be-
havior of solid composites and nanofluids. In the former, smaller
dispersed �or filler� particles, especially those in the nanometer
size range, reduce the matrix thermal conductivity significantly. In
some cases the thermal conductivity is reduced well-below that of
the base medium �55� at all volume fractions, while in others, the
enhancement is severely suppressed �56�. The solid composite be-
havior is easily explained through the interfacial thermal resis-
tance Rb, which has an inverse dependence on the particle diam-
eter �49,57,58�. Thus, decreasing the filler particle size will
dramatically reduce the effective thermal conductivity of the solid
composites and vice versa. For the case of nanofluids some of the
experimental data indicate that the thermal conductivity increases
with decreasing nanoparticle size—a behavior which is clearly at
odds with the Maxwell theory �25,32,51,52�. Some experiments
have also shown that the nanofluid thermal conductivity is not
correlated in a simple manner to that of the nanoparticle as pre-
dicted by the Maxwell model �26,34�. A limiting behavior at

higher volume fractions is also observed in nanofluids, which is
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ualitatively different from that in solid composites. While the
hermal conductivity displays a quadratic or power law behavior
t higher volume fractions for solid composites �59,60�, it is
nown to rise rapidly at lower volume fractions and then saturate
t higher volume fractions for several nanofluids �26,28,34�.

Several mechanisms have been recently proposed to account for
he excess thermal conductivity and other departures from the

axwell theory �such as temperature and size dependence�. These
nclude the Brownian motion of the nanoparticles �61,62�, fluid
onvection at microscales �63–69�, liquid layering at the particle-
uid interface �70–75�, nanoparticle shape �46,76,77�, cluster ag-
lomeration �78,79�, or a combination of the aforesaid mecha-
isms �80–85�. A disconcerting aspect of having several theories
s compounded by the ability of each postulated mechanism to

atch �a subset� of the experimental data accurately.
In this paper, we start by asking an elementary question—Is

here an anomalous thermal conduction behavior in nanofluids?
irst we show that the classical Maxwell theory has two limiting
ounds, which correspond to two geometrical configurations of
he nanoparticles. These limits are also formally known as the
ashin and Shtrikman �H-S� mean-field bounds for homogeneous

omposite media �48�. In the first configuration, the nanoparticles
onstitute the dispersed phase with the fluid medium acting as the
ontinuous phase. Most investigations have thus far reported this
ower limiting bound given by Eq. �1�. In the second configura-
ion, the nanoparticles can form the continuous phase with the
ase fluid constituting the dispersed phase. It is easy to visualize
he second configuration for high volume fractions of nanopar-
icles, but for small volume fractions, the nanoparticles will nec-
ssarily need to form linear, fractal-like or percolating structures,
eparating large pockets of the fluid medium. In both configura-
ions, the effective thermal conductivity is maximally biased to-
ard the continuous phase. However, if the nanoparticles have a
igher thermal conductivity in relation to the base fluid, the addi-
ional conduction paths in the second configuration will lead to an
ffective nanofluid thermal conductivity that is larger than what is
iven by the lower Maxwell limit �Eq. �1��.

Next, by analyzing a large body of data including those from
ur own experiments, we show that most of the reported thermal
onductivity data are enveloped by the upper and lower Maxwell
H-S� mean-field bounds. This observation strongly indicates that
he nanoparticles can exist in several configurations ranging from

well-dispersed mode to a linear chainlike arrangement in the
olloidal state. Indeed, a number of electron microscopy experi-
ents at low volume fractions support �but does not prove con-

lusively� the presence of both configurations. A comparison to
he conduction behavior of solid-solid composites and liquid-
iquid mixtures reveal that the Maxwell bounds, to a large extent,
ave a universal applicability. While this is recognized for solid-
omposites, it is not so well-known for liquid mixtures. We further
how that the conduction behavior in binary solid composites dif-
ers from that of nanofluids in one important aspect, which is its
usceptibility to interfacial thermal resistance for nanometer sized
ller particles. The apparent anomalous behavior of nanofluids is

hus shown to stem from the assumption of well-dispersed nano-
articles. If this restriction is removed the classical theoretical
odels can predict much higher thermal conductivities �86�. We

urther stress that the differences in aggregation structures, which
rise from colloidal chemistry, thermodynamic conditions and ex-
ernal fields, have a profound influence on the nanofluid thermal
onduction behavior. While a linear or fractal configuration pro-
ides additional conduction paths that promote the effective ther-
al conductivity, large aggregates or clumps �which are formed,

or example, by sedimentation� are detrimental to thermal conduc-
ivity enhancements. In conclusion we show that the classical
heory of thermal conduction is applicable to nanofluids – the
henomena being consistent with what is known for binary solid

omposites and liquid mixtures.
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2 The Theoretical Framework for Thermal Conduc-
tion in Nanofluids

For a single component material, thermal conduction is de-
scribed uniquely with the Fourier constitutive law q̇�=−��T,
where � is the thermal conductivity and T is the temperature. In a
mixture heat can flow from multiple gradients in addition to the
temperature gradient such as those resulting from concentrations
and external fields. The theoretical framework for describing mul-
ticomponent transport is provided by the linear phenomenological
theory, which postulates that the fluxes are linear homogeneous
functions of the corresponding gradients. While an intrinsic ther-
mal conductivity exists for the nanofluids, the measured thermal
conductivity can include effects of diffusion, chemical reactions,
and other external fields. Since diffusion, directly and indirectly, is
considered to be a key mechanism for the nanofluid thermal con-
ductivity in several new theories �61–69�, the theoretical frame-
work is elaborated here to make a quantitative assessment of dif-
fusion and chemical reactions on nanofluid thermal conductivity.
The formalism is well-known, and in this paper, it is adopted from
de Groot and Mazur �87�.

For a n component system, the linearity between the fluxes and
gradients is expressed as

J � Lx̂ = �
k=1

n

LikX̂k �i = 1,2, . . . ,n� �2�

where J and x̂ are the generalized flux and gradient vectors, re-
spectively. L is a matrix containing the phenomenological coeffi-
cients. The cross coefficients Lik and Lki are equal, following On-
sager’s reciprocity hypothesis. The heat flux in a multicomponent
system is not defined uniquely, and hence, the thermal conductiv-
ity. A commonly accepted definition follows from the second law
of thermodynamics which is given by �87�

Jq = Ĵq − �
k=1

n

hkJk �3�

where Ĵq is the heat flux, which is usually measured in an experi-
ment, Jq is the reduced �or conductive� heat flux, J is the mass
flux, and h is the partial specific enthalpy. The difference between

Jq and Ĵq represents the heat transfer due to diffusion. Typically,
dilute nanofluid experiments are dominated by the gradients in
temperature and concentration �to a lesser extent�. For compo-
nents �s , l�, abbreviated for solid nanoparticles and base liquid,
respectively, the phenomenological relationships reduce to the fol-
lowing form �87�:

Jq = − Lqq

�T

T2 − Lqs

1

T
� ��s − �l�T �4�

Js = − Lsq

�T

T2 − Lss

1

T
� ��s − �l�T �5�

where � is the chemical potential. Note that for a binary nanofluid
system, Js=−Jl. In experiments, diffusion is associated with a
concentration gradient �c� rather than the chemical potential. The
above equations can be recast in terms of the experimental coef-
ficients in the following form �87�

Jq = − � � T − �s� ��s

�cs �
T,p

TD� � cs �6�

Js = − �csclDT � T − �Dsl � cs �7�

The phenomenological coefficients �Lik� are related to the experi-
mental coefficients in the following way:

� =
Lqq

2 �8�

T
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D� =
Lqs

�csclT2 �9�

DT =
Lsq

�csclT2 �10�

Dsl =
Lss

�clT
� ��s

�cs �
T,p

�11�

n Eqs. �6� and �7�, DT, D�, and Dsl stand for the thermal diffusion
oefficient, the Dufour coefficient, and the mutual �binary� diffu-
ion coefficient, respectively, while the density of the system is
iven by �. Thermal diffusion coefficient �DT� accounts for the
ow of matter with a temperature gradient, while the Dufour co-
fficient �D�� is a measure of the inverse effect, which is the flow
f heat due to a concentration gradient. � is the thermal conduc-
ivity of the nanofluid system, and it is clear that it is a native or
ntrinsic property of the nanofluid without any contribution from
iffusion. The ratio of DT to Dsl is defined as the Soret coefficient
nd is given by

sT �
DT

Dsl �12�

n an experiment, measurements can be made before the diffusion
ransients begin ��cs=0� or at steady-state conditions �Js=Jl=0�.
herefore, multiple definitions for thermal conductivities can be
efined as shown below for these limiting conditions �87�.

Jq = − � � T, Ĵq = − �̂ � T ��cs = 0� �13�

Jq = − � � T, Ĵq = − �̂ � T �Js = Jl = 0� �14�

he heat fluxes Jq and Ĵq are associated with the thermal conduc-

ivities �� ,�� and ��̂ , �̂�, respectively. As mentioned before, the
ifference between these heat fluxes �Eq. �3�� is solely due to the
eat carried by the diffusing nanoparticles. It can be shown that
87�

� = �

�̂ = � + DT�hs − hl��cscl �15�

� = � −
�DT�2

Dsl � ��s

�cs ���cs�2clT

�̂ = � �16�

here h denotes the partial specific enthalpy. Equations �15� and
16� correspond to the conditions �cs=0 and Js=Jl=0, respec-
ively. Thus for a measurement when the mass fluxes are zero, the
ffective thermal conductivity ��� is always less than the intrinsic
hermal conductivity ���. At the beginning of the experiment
hen there are no concentration gradients, the effective thermal

onductivity ���, as expected, is equal to that of the intrinsic value.
steady-state experiment corresponds to Js=Jl=0 while a tran-

ient hot wire measurement is closer to the condition �cs=0.
quations �15� and �16� show the effect of diffusion on the ther-
al conductivity of a nanofluid, assuming that there are only two

radients, namely, temperature and concentration. The formalism
an be extended to include other fields such as pressure gradient
nd external fields as long as the assumed linearity given in Eq.
2� is satisfied. In Sec. 3, we will give an estimate of the effective
hermal conductivities with simple diffusion and with chemical
eactions �since nanosized particles are known to be highly reac-

ive�.
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3 Postulated Mechanisms for Nanofluid Thermal
Conduction

3.1 Classical Theories. The simplest and perhaps the most
intuitive models correspond to the series and parallel modes of
thermal conduction. In the former, the conducting paths, namely,
those through the base fluid and the nanoparticles, are assumed to
be in series, and in the latter, they are regarded to be in parallel
�see Fig. 1�. The effective thermal conductivities are given by
�88,89�

1

�= =
�1 − ��

� f
+

�

�p
�17�

�	 = �1 − ��� f + ��p �18�

where �= and �	 are the series and parallel mode thermal conduc-
tivities, respectively.

In the dilute limit, as shown below, �= /� f is a function of the
volume fraction alone, while �	 /� f is a function of the constituent
thermal conductivities and volume fraction

��=

� f
�

�→0
= 1 + � �19�

��	

� f
�

�→0
= 1 + �

�p

� f
�20�

From Eq. �20� it is clear that the enhancement in the parallel mode
can be much larger than that in the series mode if �p	� f. As can
be inferred from electron microscopy experiments, neither series
nor parallel configuration is strictly applicable to most nanofluids
even though the intertwined fibers allow nanotube suspensions to
be approximated by the parallel mode. Since the parallel mode

Fig. 1 A two-dimensional representation of „a… a series mode
and „b… a parallel mode of thermal conduction in a binary nano-
fluid. Note that a typical nanofluid system is not inhomoge-
neous, as shown.
corresponds to a geometric configuration that allows the most ef-
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cient way of heat propagation, it represents the absolute upper
imit for the effective thermal conductivity regardless of the phase
f the constituents. For example, the experiments by Griesinger et
l. have shown �90� an increase of 5000% in the thermal diffusiv-
ty of low density polyethylene when the polymer fiber fillers
ere configured parallel to the direction of the heat flow. Not

urprisingly, numerous experiments have shown that the upper
ound is rarely, if not ever, violated in binary solid composites or
iquid mixtures.

The series and parallel bounds are not the narrowest that can be
stimated with the classical approach. An analysis of the Max-
ell’s original work reveals that the theory predicts two
ounds—an upper and a lower bound—also derived by Hashin
nd Shtrikman �48� using variational principles. In the first con-
guration, the nanoparticles constitute the dispersed phase with

he fluid medium acting as the continuous phase. In the second
onfiguration, the nanoparticles form the continuous phase with
he base fluid constituting the dispersed phase. In both configura-
ions, the effective thermal conductivity is maximally biased to-
ard the continuous phase. The Maxwell �H-S� bounds for nano-
uid thermal conductivity are given by �48,91�

� f�1 +
3���p − � f�

3� f + �1 + ����p − � f�
� 
 � 
 �p�1 −

3�1 − ����p − � f�
3�p − ���p − � f�

�
�21�

t is assumed that �p�� f or otherwise, the upper and lower
ounds would simply reverse. Notice that the lower Maxwell
ound, which is identical to Eq. �1�, is rigorously exact to the first
rder in the volume fraction. For a homogeneous system, the
axwell theory predicts the above set of bounds, which is most

estrictive on the basis of the volume fraction alone �48�. Any
mprovement on these bounds would require additional knowl-
dge on the statistical variations in the dispersed medium. In ad-
ition to thermal conductivity, the above bounds are also appli-
able to other composite properties such as thermal diffusivity,
lectrical conductivity, and magnetic permeability.

While the lower bound has been extensively quoted in the
anofluid literature, the upper bound has not received much atten-
ion. For the lower Maxwell bound the nanoparticles are always
ell-dispersed, and therefore, the effective conductivity is biased

oward the conduction paths through the surrounding fluid �see
ig. 2�a��. Theoretically, the upper bound should correspond to a
onfiguration where continuous conduction paths emerge along
he nanoparticles. It is straightforward to visualize this configura-
ion for high volume fractions of nanoparticles, but for dilute
anofluids, the nanoparticles have to form a linear or chainlike
onfiguration, separating large, noninteracting regions of base
uid. The correspondence between the mathematical idealization
nd physical realization is shown in Fig. 3.

If the nanoparticle thermal conductivity is higher than that of
he base fluid, the effective thermal conductivity can be signifi-
antly enhanced by a chainlike or fractal configuration. All experi-
entally tested nanofluids have some form of aggregation, and

hus, most of the enhancements beyond the Maxwell lower bound
ome from limited percolating effects �which can also manifest as
onspherical composite particles �46��. It is now easy to visualize
hat large nanoparticle clumps will not provide additional thermal
onduction paths. Thus it is important to differentiate the differ-
nce between arbitrary coalescence �that occurs, for example,
rom settling of nanoparticles following ultrasonification�, and
table, chainlike, percolating nanoparticle configurations.

With the two described configurations, it is easy to note that the
ower Maxwell bound ��MX−� lies closer to the series mode of
onduction, while the upper bound ��MX+� approaches the parallel
ode. Also note that the variational formulation of Hashin and
htrikman on Maxwell bounds does not place any restrictions on

he volume fraction. If the configuration is neutral, i.e., neither

avoring the series nor the parallel mode, then the effective ther-

02402-4 / Vol. 132, OCTOBER 2010
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mal conductivity ��0� would lie between the lower and upper
Maxwell bounds. This approach, attributed to Bruggeman and
also sometimes known as the effective medium theory �EMT�
�89�, predicts the thermal conductivity in the implicit form given
by

�1 − ��� � f − �

� f + 2�
� + �� �p − �

�p + 2�
� = 0 �22�

In a nanofluid, the unbiased configuration would be a mix of
well-dispersed nanoparticles and linear aggregation. All the clas-
sical models thus correspond to different configurations of the
dispersed and continuous media. It can be shown for �p�� f

�= � �MX− � �0 � �MX+ � �	 �23�

In the dilute limit with �p�� f, the lower Maxwell bound reduces
to the well-known expression

��MX−

� f
� �→0

�p	�f

= 1 + 3� �24�

The recent model of Prasher et al. �78� assumes a linear chainlike
cluster configuration for the nanoparticles, which is very similar to
that for the upper Maxwell bound. The dilute limits are given by

Fig. 2 A two-dimensional representation of the nanofluid con-
figuration for the „a… lower and „b… upper Maxwell bounds

Base Fluid

Mathematical Idealization Possible Physical Realization

Nanoparticle Phase Percolating Nanoparticle Configuration

Fig. 3 Mathematical abstraction and physical realization for

the Maxwell upper bound for dilute nanofluids
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��MX+

� f
�

��p/�f→0
= 1 +

2�

3
��p

� f
� �25�

��Pr

� f
�

��p/�f→0
= 1 +

�

3
��p

� f
� �26�

here �Pr is the thermal conductivity predicted by the model of
rasher et al. �78�. The above limits and the parallel mode dilute

imit �Eq. �20�� are identical except for the prefactor. It is thus
vident that linear, percolating clustering effects can dramatically
roaden the thermal conductivity range for the classical thermal
onduction models. Interfacial thermal resistance has not been
aken into account in any of these models yet, and if applicable, it
s easily incorporated �49�. The interfacial resistance always re-
uces the effective thermal conductivity, and hence, the bounds
resented here are the highest for the appropriate configurations
92�.

In this paper, we will systematically explore the four classical
ounds—series, lower and upper Maxwell, and parallel—for the
eported data on nanofluids and make a critical comparison with
hose observed in solid-solid composites and liquid mixtures.
nalogous behavior will imply classical conduction mechanisms

n all three binary systems, while persistent or conspicuous viola-
ions of the upper Maxwell or parallel bounds will give credence
o the anomalous thermal conduction behavior in nanofluids.

3.2 Interfacial Layer Models. The interfacial layer models
an be considered under the classical models with the structure
rovided not by the clustering of nanoparticles but through an
rdered fluid configuration around the nanoparticles �70–75�. As
uch, the predictions of interfacial layer models are enveloped by
he classical bounds discussed before. Interestingly, the interfacial
ayer models are far more popular than those assuming nanopar-
icle clustering �even though experiments suggest otherwise� and
hus, are treated as a separate mechanism in this paper.

We will analyze the current state of knowledge to make a rea-
onable assessment on the role of interfacial layers in nanofluids.
he motivation for proposing this model stems from both theoret-

cal and experiment evidences of ordered layering near a solid
urface. For example, molecular dynamics simulations predict
hree ordered layers of water on the Pt �111� surface �93�. In the
rst layer, water molecules form icelike structures with the oxy-
en atoms bound to the Pt surface, while in the second and the
hird layers, water molecules that are hydrogen-bonded to the first
nd second layers, respectively, are observed. This ordering, even
ith a strong perturbation induced on the surface, persists over a
istance of O�1 nm� from the Pt surface. Very similar behavior
as been experimentally reported on a crystal-water interface �94�.
lose to the interface, two layers of icelike structures strongly
onded to the crystal surface have been observed, followed by
wo diffuse layers with less pronounced lateral and perpendicular
rdering. Direct experimental evidences are also available for thin
ayering with liquid squalane �95� and nonpolar liquids �96� adja-
ent to a solid surface.

In a recent molecular dynamics �MD� simulation it has been
hown that atomic-sized clusters of the order of 10 atoms, which
nteract strongly with the host fluid, produce an amorphouslike
uid structure �97� near the cluster. This interfacial structure,
hich has a dimension of O�1 nm�, provides a network of perco-

ating conduction paths through the liquid medium �97�. The ef-
ective thermal conductivity is much higher than that of the lower

axwell bound �50% enhancement for a volume fraction of 5%,
pproximately� but is enveloped by the upper Maxwell bound.
owever, when the clusters grow in size to hundreds of atoms, the
ercolation of interfacial structures gets impeded dramatically and
he relatively large enhancements reduce to more modest values
onsistent with the lower Maxwell bound. These results are in
greement with an earlier molecular dynamics �MD� study �98�,

hich showed no discernible increase in the interface thermal

ournal of Heat Transfer
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conductivity even while observing four ordered fluid layers near a
surface. Similar results are also reported for water, which showed
no dependence of the molecular orientation on the thermal con-
ductivity �99�.

A theoretical estimate for the interface thickness around a nano-
particle can be made from the Yan model �83�, which is given by

h =
1

3

� 4Mf

� fNa
�1/3

�27�

where Mf and � f are the molecular weight and density of the
surrounding fluid medium around a nanocluster, respectively, and
Na is the Avogadro’s number. For water-based nanofluids the Yan
model gives an interfacial thickness of 0.284 nm, which is smaller
than what is observed in the experiments or MD simulations, but
agreeing on the order of magnitude.

Almost all the interfacial layer models, which have been pro-
posed in the past, share the idea of a complex nanoparticle made
of a bare nanoparticle and a postulated interfacial fluid nanolayer
with an arbitrary thickness and thermal conductivity. Most models
focus on nanoparticles that are of the order of 10 nm in size or
smaller, and assume an interface thickness from 2 nm to 5 nm to
provide evidence for a nanolayer-influenced thermal conduction
mechanism. However, such assumptions are at variance with the
theoretical and experimental evidences �94–96,100�, which indi-
cate that the interfacial layers are limited to a few molecular
dimensions.

It is easy to show that an O�1� nm layering is of no conse-
quence to nanofluids that have been experimentally tested as the
nanoparticle diameters �d� are mostly of the order of 10 nm and
above �101�. Since the volume fraction scales as d3, a 1 nm inter-
facial thickness for a 10 nm nanoparticle would correspond to a
relative volume change of 10−3, which is too small to account for
any effect on the effective thermal conductivity. The experiments
by Putnam et al. �20� show no unexpected increase in thermal
conductivity for well-dispersed gold particles that are as small as
4 nm. These results are consistent with our experiments on dilute
gold and platinum colloids �unpublished� and provide tangible
evidence to the absence of ordered liquid structures that influence
the thermal conductivity in nanofluids.

3.3 Brownian and Micro-convection Models. The recent
Brownian and microconvection models attempt to rationalize the
thermal conductivity enhancements as well as the temperature and
size dependencies by postulating a diffusion dependent thermal
conductivity, albeit, different from that given by Eqs. �15� and
�16�. The Brownian models �61,84� assume that that the nanofluid
thermal conductivity is directly dependent on the self diffusion
coefficient of the nanoparticle, which is given by the well-known
Stokes–Einstein relationship D=kBT / �3�dp�, where � is the dy-
namic viscosity, dp is the nanoparticle diameter, T is the absolute
temperature, and kB stands for the Boltzmann constant. While ex-
perimental trends for temperature and nanoparticle size are cap-
tured, this approach is criticized for several theoretical reasons,
especially for the large mean free path of the liquid molecules
with a magnitude of O�1� cm �102,103�. In a Brownian dynamics
�BD� simulation �62�, the effect of diffusion is quantitatively es-
timated without resorting to explicit modeling. Many reported BD
simulations, however, do not satisfy the momentum or energy
conservation principles and hence, are incapable of predicting the
thermal conductivity of colloidal systems. In classical BD simu-
lations, the only quantity that is conserved is mass, and hence, the
sole transport property that can be computed is the diffusion co-
efficient. When both momentum and energy conservation laws are
enforced �in addition to mass conservation�, BD �or dissipative
particle dynamics� simulations have shown no tangible effect of
Brownian motion on nanofluid thermal conductivity �104�.

As discussed in Sec. 2, diffusion can enhance the thermal con-
ductivity due to Soret effect and also through chemical reactions

that can occur between the nanoparticles and the base fluid. In the
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imple diffusion case, the enhancement in the thermal conductiv-
ty due to diffusion is ����=DT��hs−hl���cscl �87�. Typical values
or nanofluid Soret coefficients are less than 0.1 K−1

20,105,106�. This gives an upper bound on the thermal diffusion
oefficient DT of O�10−10� m2 s−1 K−1 with a diffusion coefficient
sl of O�10−11� m2 /s that corresponds to 10 nm sized nanopar-

icles. Note that the mutual and the self-diffusion coefficients are
early the same for small volume fractions. Since the difference in
he specific enthalpy �h� between the nanoparticles and the base
uid is typically of the order of 104 J /kg, it is relatively easy to
ee that the excess thermal conductivity �� is several orders less
han that of the base fluid. This conclusion is in agreement with
everal published reports �24,43,107,108�.

At nanoscales, the nanoparticles can be exothermally reactive
nd diffusion accompanied by chemical reactions can also en-
ance the thermal conductivity �87�. If chemical equilibrium is
eached quickly, the effective thermal conductivity can increase
y �87�

�� =
� fD

sl��ĥ�2

T� ��s

�cs � �28�

here �ĥ is the reaction heat �at constant temperature and pres-
ure�, which is of the order of the gradient in the chemical poten-

ial for the nanoparticles �87�. With a �ĥ=O�105� J /kg for reac-
ion rates for nanoparticles in solutions �for example, the
dsorption energy of water at the alumina surface is
140 kJ /mol �109��, �� is again several orders less than that of

he base fluid. Thus, there are sufficient theoretical reasons to
elieve that the diffusional motion of the nanoparticles does not
irectly influence the nanofluid thermal conductivity. Since ther-
odiffusion, mutual diffusion, and Brownian self-diffusion of the

anoparticles govern the aggregation processes, they will indi-
ectly influence the transport properties of nanofluid systems
1,110–113�. Thus mechanisms of slow diffusional processes are
xtremely important to understand the effect of clustering on the
anofluid thermal conductivity �43,78,85,86�.

In a related, but more intriguing hypothesis, the thermal con-
uctivity is regarded to increase from convective transport of large
olume of base fluid, which is dragged by diffusing nanoparticles
63–69�. In this “microconvection” picture, it is hypothesized that
onvection currents set up by the Brownian motion of the nano-
articles can enhance the heat transfer between the nanoparticles
nd the base fluid, and hence, the nanofluid thermal conductivity.
n this paper, we will focus on two microconvection models that
ave received recognition in recent years. In the model of Jang
nd Choi �64,65�, a new, but somewhat heuristic, heat transfer
orrelation is introduced to account for the randomly moving
anoparticles. It is given by

Nu �
hd

� f
= O�Re2 Pr2� �29�

he effective thermal conductivity can then be written as �65�

�

� f
= �1 − �� +

1

�1 + �̂�
��p

� f
�� + C� df

dp
�Red

2 Pr� �30�

here �̂�Rb�p /d stands for a nondimensional interfacial thermal
esistance, and Red and Pr denote the Reynolds number for the
anoparticle and the Prandlt number for the base fluid, respec-
ively. With negligible microconvection and interfacial thermal re-
istance, the model of Jang and Choi coincides with the parallel
ode of thermal conduction. A strong microconvection effect
ill, however, result in a thermal conductivity much higher than

hat of the parallel mode.
In the model of Prasher et al. �66,67�, the traditional heat trans-

er correlation of flow over a sphere is adopted. Assuming that the

usselt number on the scale of particle radius is O�1�, the Brown-
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ian motion of a single nanoparticle is regarded to increase the
effective thermal conductivity of the base fluid by a factor of �1
+ �1 /4�Re Pr�, A chief argument for microconvection hypotheses
of Prasher et al. �and Jang and Choi� comes from the presumed
presence of interfacial thermal resistance for the nanoparticles.
Indeed, for nanosized filler particles in a solid composite, the ef-
fect of interfacial resistance can be very pronounced. Thus to ac-
count for the interfacial thermal resistance and the mixing of con-
vection currents from multiple nanoparticles, the thermal
conductivity of the nanofluid is fitted to experimental data using
the expression �66�

�

� f
= �1 + A Re� Pr0.333 ���1 + 2��

1 − ��
� �31�

where � is a system-specific exponent, which, for aqueous sus-
pensions, is found to have an optimal value of 2.5, and A is a
constant attaining values as large as 4�104. For negligible micro-
convection effects and interfacial thermal resistance, the model of
Prasher et al. reduces to the Maxwell expression for well-
dispersed nanoparticles �lower bound�.

We will now examine the characteristics of the microconvec-
tion models in more details. The hypothesized microconvection
effects appear through Red=Vd /�, where V and � are the convec-
tion velocity and the base fluid kinematic viscosity, respectively.
In both the microconvection models, the convection velocities are
represented by a “Brownian velocity” to account for the rapidly
oscillating nature of nanoparticle motion. In the Jang and Choi
model, V is given by �64�

V =
Dss

lf
=

kBT

3�dplf
�32�

where lf is the mean-free path of a base fluid molecule and Dss is
the self-diffusion coefficient of the nanoparticle. As noted by the
authors, it is not clear whether the above ratio actually represents
a random velocity of the nanoparticle. In the model of Prasher et
al. �as also in Ref. �63��, the conventional thermal velocity of the
nanoparticle is taken as the convection velocity, which is given by
�66�

V =
3kBT

m
=
18kBT

�dp
3 �33�

where m and � are the mass and density of the nanoparticle, re-
spectively. Interestingly, a different form is adopted in the Patel
microconvection model �69�, which is given by

V =
2kBT

�dp
2 �34�

The latitude in choosing several forms, and therefore, differing
physical characteristics, stems from the nonrigorous concept of a
Brownian velocity. In the formal theory of Langevin dynamics, a
fluctuating thermal velocity is uniquely defined, while velocities
constructed based on diffusion characteristics are not.

Two peculiar consequences of Eq. �33� are that, for a given base
fluid, temperature, and nanoparticle size, the enhancement in the
thermal conductivity increases with decreasing nanoparticle den-
sity �, and for nanoparticles with low density, the thermal conduc-
tivity can be largely positive even if �p�� f. In our recent work
�91�, we had explicitly tested this prediction with the transient
hot-wire �THW� technique on nanofluids with silica and MFA �a
copolymer of tetrafluoroethylene and perfluoro-methylvinylether�
nanoparticles that are lighter than the commonly tested alumina
and copper oxide nanoparticles. We will report the main results
briefly. Equation �1� predicts �p /� f to be a universal function of
�� while the microconvection model does not. In Fig. 4, we plot
two sets of data for Ludox and MFA as a function of �� along
with the reported experimental data in the literature for alumina

and copper oxide, which have higher densities, as previously men-
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ioned. Quite remarkably, all the experimental data collapse on to
single line predicted by the Maxwell theory for noninteracting

pheres �lower bound� without any interfacial thermal resistance
nd regardless of the nanoparticle density �or size�. However, as-
uming microconvection contributions lead to system-dependent
redictions, which are strongly conflicting with the experiments.

We have attributed the overprediction of the microconvection
odel from ascribing the nanoparticle thermal velocities as the

onvection velocities in place of the significantly lower thermo-
horetic drift velocities �91�. As explained in Sec. 2, an introduc-
ion of a thermal gradient, nonequilibrium coupling between mass
nd heat transport takes place due to the Soret effect. Thus, a
olloidal particle acquires a thermophoretic drift velocity given by
T=DT�T �106�. For nanoparticles, which are sufficiently larger
han the molecular dimensions, the small Knudsen number makes
he no-slip interface conditions a reasonable approximation �114�.
hus in typical thermal conduction experiments, the microconvec-

ion velocities can only be of the order of the thermophoretic
elocities.

Compared with the magnitude of the strongly fluctuating ther-
al speed, the thermophoretic velocities are insignificant in a

anofluid as they are characteristic of the collective motion of
uid motion around several diffusing nanoparticles. Our optical

hermal lensing measurements have yielded a value of DT
10−12 m2 s−1 K−1 for both Ludox and MFA colloids, which
ith typical THW temperature gradients correspond to thermo-
horetic velocities as low as 1 nm/s, while the assumed convec-
ion velocities in the models of Prasher et al. and Jang and Choi
re O�1� m /s and O�0.1� m /s, respectively. Theoretical esti-
ates of the colloidal drift speeds are also in the range of
�10−8� m /s �105�, which is consistent with our experimental
alues. To show that the thermophoretic velocities are insignifi-
ant even for very small nanoparticles, we have performed non-
quilibrium molecular dynamics �NEMD� simulations on a model
ystem. The details of the simulation method are given in Ref.
97�. Figure 5 shows the relative magnitudes of the typical instan-
aneous nanoparticle velocity and the corresponding thermo-
horetic drift velocity. At steady state the magnitude of the ther-
ophoretic drift velocity is two orders smaller than that of the

oot-mean-square �rms� value.
The fact that the particle thermal velocity is not the relevant

elocity scale for heat transport is seen from a simple argument.
ne should indeed compare the distance a particle moves within a
rownian relaxation time �=m / f , where f is the particle friction
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ig. 4 THW data for Ludox „�È2200 kg/m3, d=32 nm…, MFA
�È2140 kg/m3, d=44 nm…, Al2O3 „�È4000 kg/m3, d
38 nm…, and CuO „�È6300 kg/m3, d=29 nm… suspensions,
lotted as a function of ��. The deviation of microconvection
odel from the Maxwell lower bound for Al2O3 and CuO are

omparable to the experimental uncertainty.
oefficient corresponding to the typical spatial scales of the mac-
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roscopic thermal gradients. For particles in the few tens of the
nanometer size range, ��O�10−10� s—a time scale which corre-
sponds to a particle displacement of a few thousands of its diam-
eter. The relaxation time �, which also sets the time decay of
correlations between the particle momentum and energy density
flux in the liquid �115�, is negligible on the time scales probed by
THW measurements. The difference of several orders of magni-
tude in the convection velocities thus precludes a significant con-
tribution to the thermal conductivity from any conceivable micro-
convection mechanism.

4 Classical Bounds
In Sec. 3, we have provided experimental and theoretical evi-

dences to show that the interfacial layers, Brownian motion and
microconvection do not influence the thermal conductivity of the
commonly tested nanofluids. In this section, we show that the
classical theories are capable of explaining the rather large ther-
mal conductivity enhancements reported so far. In addition, we
also show that nanofluid thermal conduction behavior is strikingly
similar to that observed in solid-composites and liquid mixtures
by examining the theoretical bounds discussed in Sec. 3. How-
ever, we find that the interfacial thermal resistance, which is in-
ferred from a large body of experimental data, is negligible for
most nanofluids, but can become significant for solid-composites.

4.1 Classical Bounds for Solid Composites. We will start by
discussing the classical bounds for solid-composites. As discussed
before the upper and lower Maxwell bounds �H-S� are the narrow-
est bounds that can be constructed on the basis of volume fraction
alone. The Maxwell bounds, in turn, are enveloped by those from
the series and parallel mode of conduction. The spread of the
bounds depend on the relative thermal conductivities of the media.
Most experiments with binary solid composites have a large dif-
ference in the thermal conductivities, and thus a relatively large
spread ranging several orders can be expected.

In Fig. 6, we have delineated the thermal conductivity enhance-
ments for a large number of solid composite materials. The clas-
sical bounds are calculated based on the thermal conductivity data
given in the Appendix. At larger volume fractions ���10%�, the
experimental data largely lie between the lower and upper Max-
well bounds. At lower volume fractions ��
10%�, the thermal
conductivity falls below the lower Maxwell bound for a few com-
posites, and for polyethylene–Cu, polyethylene–Zn, and ZnS–
diamond, it becomes lower than the series mode prediction. Ad-
ditionally, as the size increases, the thermal conductivity increases
significantly �polypropylene–Al, polyvinylidene–AlN, and ZnS–
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Fig. 5 Typical instantaneous and thermophoretic drift veloci-
ties in the z-direction of a 100 atom solid nanoparticle in a ge-
neric LJ fluid with NEMD simulations †97‡. The rms velocity of
the nanoparticle „0.1… is very close to V=
kBT /m.
diamond�. All these observations can be reconciled within the
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ramework of classical theories. The nondimensional interfacial
esistance parameter ��2Rb� f /d determines the temperature dis-
ontinuity at the filler particle �p�-base medium �m� interface. In
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ig. 6 Classical bounds for thermal conductivity in solid com-
osites. The thin solid and thin dashed-dotted lines denote en-
ancements in thermal conductivity „or diffusivity… with the se-
ies and parallel modes, respectively. The upper Maxwell bound
s delineated by the thick solid line while the lower Maxwell
ound is given by the thick dashed line. The experimental data
re represented by symbols. A fifth bound given by „1−3� /2…
or polyethylene–Cu, polyethylene–Zn, and ZnS–diamond „dot-
ed line… denotes the limiting condition �\�. Table 1 in the
ppendix gives the numerical values used in the calculation of
lassical bounds. Experimental data are taken from †55‡, †56‡,
nd †116–120‡.
he limit �p	�m, the Maxwell lower bound can be expressed as
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�

�m
=

�1 + 2�� + 2��1 − ��
�1 + 2�� − ��1 − ��

�35�

Since � increases for decreasing filler particle size the effective
thermal conductivity also decreases, which is consistent with the
experimental data on polypropylene–Al, ZnS–diamond, and poly-
vinylidene fluoride–AlN. In the limit of �→�, � /�m reduces to
�1−3� /2�. Thus, the effective thermal conductivity can become
smaller than that of the base medium for all volume fractions, as
attested by the data for ZnS–diamond with 0.5 �m particles. Fur-
thermore, the data for polyethylene–Cu and polyethylene–Zn are
also bounded by �1−3� /2�.

Well-dispersed large spheres largely follow the lower Maxwell
limit except at higher volume fractions. As the volume fraction
increases the filler particles tend to form chainlike configurations,
which promote a better heat transfer, and hence, the thermal con-
ductivity. This formation of interconnected or percolating filler
particles explains the rapid nonlinear increases in the thermal con-
ductivity at higher volume fractions �see polyethylene–Cu and
polyethylene–Zn in linear scale�. The filler materials in the form
of fibers, as observed with polyamide–Cu, are also very efficient
for heat transfer. In a more dramatic observation, polyethylene
polymer, a material having a low � of 1 W/m K, increases its
thermal conductivity to 50 W/m K, close to that of steel, when the
polymer chain orientation is made parallel to the heat flow �90�.
We emphasize here that the upper Maxwell bound is never vio-
lated for any of the experimental data.

4.2 Classical Bounds for Liquid Mixtures. Unlike those in
solid composites, the classical bounds in liquid mixtures are not
well-recognized. In the Sutherland–Wassiljewa theory, the thermal
conductivity of a liquid mixture is given by �121�

� = �1� n1

n1 + A12n2
� + �2� n2

n2 + A21n1
� �36�

where n denotes the mole fraction and 1 and 2 stand for the two
components. The coefficient A, also known as the Wassiljewa co-
efficient, is given by the following semi-empirical form �122�:

Aij =
1

4
1 + ��i

� j
�1/2�Mj

Mi
�1/4�2 2Mj

Mi + Mj
�1/2

�37�

where M denotes the molecular weight. We can observe that for
equimolar liquids and A12=A21=1, Eq. �36� is identical to that of
the parallel mode of thermal conduction.

In Fig. 7 we show the four bounds for a few representative
liquid mixtures along with the unbiased or Bruggeman effective
medium estimate given by Eq. �22�. Most the data are nestled
between the upper and lower Maxwell bounds. Due to a smaller
difference between the thermal conductivities of the two media,
the bounds are relatively narrower. While liquids, in general, do
not have identifiable structures, networked bonds such as in water
can facilitate liquid molecules to form loosely formed dynamic
structures with characteristics of both interconnected chains and
isolated blocks of molecules. Such an arrangement will be consis-
tent with that of the unbiased Bruggeman effective medium
model. Indeed, we find that most of the data on liquid mixtures are
best predicted by the Brugemman model.

4.3 Classical Bounds for Nanofluids. For both solid com-
posites with negligible interfacial thermal resistance and liquid
mixtures, Maxwell bounds are respected to a large degree. How-
ever, these bounds have not been tested so far for nanofluids.

The first test of the theoretical bounds is conducted by analyz-
ing the test data of magnetic �Fe3O4� nanofluids �39,45� �or fer-
rofluids�. Strong magnetic fields induce magnetic nanoparticles to
form chainlike configurations, and when the magnetic field is ap-
plied parallel to the heat flux �or �T�, a strong thermal conductiv-
ity enhancement is observed, as shown in Fig. 8. An increasing

magnetic field correlates to an enhanced chainlike formation of
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he nanoparticles in the direction of the heat flux. This allows the
anofluid thermal conductivity to increase from the lower Max-
ell bound to almost the parallel mode limit. Similar enhance-
ents �of smaller proportions� are also observed for magnetic
e-water nanofluids �125�. If, however, the magnetic field is ap-
lied perpendicular to the heat flux, the nanoparticles will stay
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ig. 7 Classical bounds for thermal conductivity in liquid mix-
ures. The line and symbol codes are the same as in Fig. 6 with
he addition of a thin solid line between the Maxwell bounds,
enoting the unbiased or Bruggeman model. Table 2 in the Ap-
endix gives the numerical values used in the calculation of
lassical bounds. Experimental data are taken from †123‡,
124‡, and the current study.
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ig. 8 Thermal conductivity of Kerosene–Fe3O4 magnetic
anofluid, as a function of the external magnetic field „B… in the
irection of the heat flux „data from Ref. †45‡…. The configura-
ion of the nanoparticles range from dispersed arrangement „at
ow B… to the chainlike formation in the direction of the heat flux
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. The classical bounds are calculated based on the data listed
n Table 3 of the Appendix.
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dispersed or clustered in a direction normal to the heat flux. In this
case, the classical theory predicts that the enhancement will be
bounded by the series mode limit and the lower Maxwell bound.
Indeed, the experimental observation of Li et al. �125� conforms
to this prediction, as shown in Fig. 9. The experiments performed
with magnetic nanofluids �in magnetic fields� provide the most
direct and unambiguous evidence for the effect of linear or fractal-
like clustering on the nanofluid thermal conductivity.

Next, in Fig. 10, we delineate the classical bounds for a large
set of nanofluids including those which have been described as
unusual or anomalous. The data sets include oxide nanoparticles
with relatively low � �silica and zirconia�, moderate � �alumina
and copper oxide�, and high � �copper, aluminum, and carbon
nanotubes�. They also include different base media including wa-
ter �polar�, ethylene glycol, and oil, and nanoparticles with a
lower thermal conductivity relative to the base media �C-60/70
and MFA in water�. Quite remarkably, all the data, except for a
few sets, lie between the upper and lower Maxwell bounds, af-
firming the same mechanism for thermal conduction for nano-
fluids as that for solid composites and liquid mixtures, namely,
through molecular or electronic interactions. By examining the
main features of the nanofluid data, we can derive useful insights
into the finer details of the conduction mechanism.

The most striking feature is that only a small set of nanofluid
data falls significantly below the lower Maxwell bound even at
very low volume fractions and with nanoparticle diameters that
are in the tens of nanometers. This behavior is very unlike that in
solid composites, where at low volume fractions and with nano-
meter sized filler particles, the effective thermal conductivity drop
well below the series conduction bound. When the thermal con-
ductivity of the dispersed media becomes closer to that of the base
media, the Maxwell bounds becomes narrower, as can be noted
with silica, zirconia, and Fe3O4. This also implies that uncertain-
ties in nanoparticle thermal conductivity can cause discernible
changes in the Maxwell bounds when �p−� f is small. For most
nanofluids, however, the difference is large. The lower Maxwell
bound represents the maximum thermal conductivity that is pos-
sible with well-dispersed nanoparticles, and it can be inferred that
the interfacial thermal resistance for most nanofluids is negligible
�exceptions are noted, for example, in Ref. �24��. Even if the
nanoparticle thermal conductivity is smaller than that of the bulk
value �as observed in nanosized thin films �126��, all the experi-
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Fig. 9 Thermal conductivity of water–Fe magnetic nanofluid
as a function of the external magnetic field „B… perpendicular to
the direction of the heat flow „data from Ref. †125‡…. The nano-
particles are dispersed or form clusters perpendicular to the
heat flux. The dashed and solid lines correspond to the lower
Maxwell and series bounds, respectively. The classical bounds
are calculated based on the data listed in Table 3 of the
Appendix.
mental data, except for fullerenes �C-60/70� and to some extent,

OCTOBER 2010, Vol. 132 / 102402-9

icense or copyright; see http://www.asme.org/terms/Terms_Use.cfm



M

a
e
�
d
n
�
i
m
�
n
fl
t
t
s

1

Down
FA, remain bounded by the lower Maxwell bound with Rb=0.
The occurrence of an interfacial thermal �Kapitza� resistance at
liquid-solid interface has been experimentally evaluated by Ge

t al. �127�, who observed a bounding Rb of 0.67
10−8 Km2W−1 and 2�10−8 Km2W−1 for hydrophilic and hy-

rophobic interfaces, respectively. With nanofluids with carbon
anotubes, a large variation in Rb, ranging from a low 0.24
10−8 Km2W−1 �128� to a high 8.3�10−8 Km2W−1 �129,130�

s also reported. The high values are comparable to those in a solid
atrix, such as in diamond-silicon composite with a Rb of 27
10−8 Km2W−1 �126�. The large span in the Rb data for carbon

anotube suspensions, and the near zero Rb for most other nano-
uids indicate the role of solid-fluid interactions on the interfacial

hermal resistance. Theoretical studies show that Rb attains rela-
ively large values only when the liquid does not wet the solid

0 1 2 3 4 5
0.1

1

10

100

Water-Al2O3

E
nh
an
ce
m
en
t(
%
)

φ (Al2O3) %

[137] [9]
[8] [14]
[131] [43]

0 1 2 3 4 5 6
0.1

1

10

100

[33] [36]
[13] [14]
[9]

Water-CuO

E
nh
an
ce
m
en
t(
%
)

φ (CuO) %

0 1 2 3 4 5

0.1

1

10

100

[28]
[132]
[18]E

nh
an
ce
m
en
t(
%
)

φ (TiO2) %

Water-TiO2

0 1 2 3 4 5

1

10

100
Water-Fe3O4 [34]

E
nh
an
ce
m
en
t(
%
)

φ (Fe3O4) %

0.0 0.5 1.0 1.5 2.0
0.01

0.1

1

10

100

1000

[10] With Acid [10] Old
[44] [41]

E
nh
an
ce
m
en
t(
%
)

φ (Cu) %

EG-Cu

1 2 3 4 5
1

10

100

1000

E
nh
an
ce
m
en
t(
%
)

φ (Al) %

EG-Al [29]

1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5
1

10

Oil-Fullerenes [135]

E
nh
an
ce
m
en
t(
%
)

φ (fullerenes) %

(a) (b)

(f)(e)

(i) (j)

(n)(m)
-0.3 0.0 0.3 0.6 0.9 1.2 1.5
-6

-5

-4

-3

-2

-1

0

Water-Fullerenes [135]

E
nh
an
ce
m
en
t(
%
)

φ (fullerenes) %

Fig. 10 The classical bounds for thermal conductivity/diffus
in Fig. 6. Since thermal conductivities of the dispersed m
representative values listed in Table 3 of the Appendix are
�pš�f for most nanofluids. The bounds shown are for a gi
correspond to the same temperature. This is largely of no
thermal conductivity in the range of experimentation. The a
therefore, remains unchanged even after factoring in differe
mental methods †46‡ and thermal conductivities. Experimen
†34‡, †36‡, †41‡, †43‡, †44‡, †91‡, and †131–137‡.
urface. In our context, complete wetting may be a reasonable
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assumption for dispersions of hydrophylic colloids such as Ludox,
and possibly for charged MFA colloids, where particle solvation is
ensured by electrostatic forces. We also point out that terms such
as “hydrophobic” and “hydrophilic” are rather subtle, and the
macroscopic concepts such as the contact angle may be a bit mis-
leading. The rate of energy transfer would be indeed weaker if the
liquid does not wet the solid, since in this case the liquid density
in the interfacial layer would be depleted. Yet, from a microscopic
point of view, what one may need to consider is the free energy of
insertion of the particle in the fluid. For a stable, nonaggregating
colloidal dispersion, the latter is certainly negative �meaning, the
particles are well-solvated�. This means that even particles made
of a hydrophobic material such as MFA can behave as hydro-
philic. The reason for this apparent paradox is related to the pres-
ence of the charged double-layer, which leads to the formation of
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ty in nanofluids. The line and symbol codes are the same as
a „nanoparticles… are generally not measured or reported,
d to compute for the classical bounds. It is observed that
temperature, while the experimental data shown may not

nsequence, given the rather small deviation in base fluid
ssment that most nanofluids respect the classical bounds,
experimental temperatures, and uncertainties in the experi-
data are taken from †8–11‡, †13–15‡, †17‡, †18‡, †26–29‡, †33‡,
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epletion in the interfacial layer. This is partially evident by the
ery different behavior for fullerenes �C-60/70� suspensions in
urfactant-stabilized water, and oil without the use of a surfactant.

hile for fullerenes in water, a small, but identifiable reduction in
hermal conductivity below the Maxwell prediction is recorded,
ossibly due to the interactions of surfactant molecules with sur-
ounding liquid, fullerenes in oil is consistent with Maxwell pre-
iction with Rb=0.
Several of the reported anomalous characteristics such as the

ack of correlation to particle thermal conductivity and size effects
an be resolved by weighing in the ability of nanoparticles into
orming linear chainlike aggregates. Not all aggregates are equally
fficient in increasing the thermal conductivity as experiments
how that the larger clusters without the linear chain-forming con-
gurations lead to a limiting behavior in the enhancement �52�.
he temperature dependence is also not as striking as it was ear-

ier believed with the recent experiments �137,138� showing a
imilar variation for both nanofluids and the base fluid. This im-
lies that the mechanism for the increase in the thermal conduc-
ivity of water �for example, the temperature dependent slow

odes �139�� is responsible for the thermal conductivity increase
n the colloidal state as well. Conversely, it is reasonable to expect

decrease in the nanofluid thermal conductivity for a base fluid
hat has a negative change in thermal conductivity with increasing
emperature. Early experiments on ferrofluids �6�, indeed, have
emonstrated this behavior, as shown in Fig. 11.

Concluding Remarks
The classical Maxwell theory has two limiting bounds that cor-

espond to two geometrical nanoparticle configurations in the col-
oidal state. For the first bound, nanoparticles form the dispersed
hase and the fluid medium acts as the continuous phase, while
or the second the roles are reversed with the nanoparticles and
he fluid medium constituting the continuous and dispersed
hases, respectively. For the latter, the nanoparticles must form
inear or fractal configurations, which separate the large regions of
uid pockets.
By analyzing a large body of data including those from our own

xperiments, we show that almost all the reported thermal con-
uctivity data are enveloped by the upper and lower Maxwell
ounds. For a homogeneous nanofluid system, these bounds set
he limits for thermal conductivity enhancements. The thermal
onductivity for the upper bound is maximally biased toward the
hermal conductivity of the nanoparticles and vice versa for the
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ig. 11 Temperature dependence of magnetite nanofluid ther-
al conductivity †6‡. While no strong correlation is generally

bserved to the thermal motion of the nanoparticles, there ap-
ears to be a dependence on the thermal conductivity variation
f the base fluid. The base fluid „transformer oil… thermal con-
uctivity decreases slightly with temperature for the range of

emperatures shown †6‡.
ower bound. Experimental data on nanofluids, solid
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composites, and liquid mixtures indicate that the upper and lower
Maxwell bounds are universally respected by most binary com-
posites, regardless of the physical state and the thermal conduc-
tivity of the phases. The striking similarity of the nanofluid data to
those of solid composites and liquid mixtures strongly indicate
that the mechanism of nanofluid thermal conductivity is classical
in nature, namely, through molecular and electronic interactions.

The earlier reports of anomalously high thermal conductivity
can be traced back to an exclusive comparison of the test data to
models, which are applicable only to well-dispersed nanoparticles.
Once this constraint is relaxed, and a linear chain or fractal con-
figuration is allowed for the nanoparticles, the classical models
can predict a thermal conductivity range that easily accommodates
almost all the experimental data. A key difference between the
thermal conduction behavior in nanofluids and solid composites
appears to be the interfacial thermal resistance. A large body of
nanofluid experimental data suggests that the interfacial thermal
resistance is negligible for most nanofluids.

On the basis of the experimental evidences provided in this
paper, the key to having an enhanced thermal conductivity lies on
the aggregation state and connectivity of the nanoparticles With
the current experimental techniques such as neutron scattering, it
is possible to characterize the aggregation state in the colloidal
state. Once these geometrical details are available, a more precise
comparison can be made between several samples �of the same
constituents�, which show appreciable differences in the thermal
conductivity. While the science of making well-dispersed colloids
has reached a fair amount of maturity, the techniques for devel-
oping targeted nanoparticle configurations are still in an evolving
phase. It is expected that future studies can systematically address
the configurational constraints necessary for enhanced thermal
transport in nanofluids.
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Appendix
Tables 1–3 show the thermal conductivity data for solid com-

posites, liquid mixtures and nanofluids.

Table 1 Thermal conductivity data for solid composites

Material
�

�W/m -K� Reference

Aluminum 237 �117�
Alumina 33.095 �120�
Graphite 209.2 �120�
Cupric oxide 9.21 �116�
Copper 384 �56,118�
Aluminum nitride 200 �140�
Diamond �polycrystal� 600 �55�
Zn 116 �56�
Polypropylene 0.239 �117�
Polyethylene 0.505/0.291 �56,120�
Epoxy 0.221 �116�
Polyamide 0.32 �118�
Polyvinylidene fluoride 0.12 �119�
Zinc sulphide 17.4 �55�
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